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Abstract We consider long-run incentives for oil-importing and -exporting coun-
tries when the arrival of a backstop technology is uncertain. Oil importers invest in
research and development to avoid their dependence on foreign oil; the arrival of the
oil substitute is modeled with a Poisson process. The optimum resource extraction
path is determined by the optimization of oil exporters, which take the Poisson rate
as exogenously given. We provide clear-cut solutions of the optimization plans for
both types of countries. We find that the optimal consumption rate of oil importers
may be either constant or falling during substitute development; it is a decreasing
function of the oil price. When the substitute arrives, the rate of resource depletion
jumps down and the depletion pace during the post R&D phase is slower than during
the R&D phase, provided that the Poisson arrival rate is sufficiently large. We also
show under which conditions there is never strategic behavior and when strategic
behavior may take place.

1 Introduction

Extraction and the use of the world’s most important natural resource, oil, divides
the world into two types of countries: oil-importing and oil-exporting. The costs
for oil imports are high, and have even increased in the new millennium. Shares of
GDP spent for these imports vary between 2.1 percent for Germany and 2.5 percent
for the United States to 2.8 percent for China and 2.9 percent for Japan up to 7.6
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percent for India.1 Besides current and future costs, oil-importers worry about the
market power of the suppliers organized in a cartel, the OPEC, which controls more
than 75% of proven world reserves. Another issue is the political volatility in the
oil extracting regions and the associated possibility of supply shortages. Moreover,
there are major concerns about the environmental impacts, particularly with climate
change.
Taken together, the significantly increased interest in the development of a substi-

tute for fossil fuels can well be explained. Especially in the US, there has been a
notable increase of Research, Development and Demonstration (RD&D) spending
on renewables and on energy sources just after the 2008 peak of oil costs, while
in the European countries the same can be observed with a minor delay; the sharp
rise in research spending was in the years 2010 and 2011.2 Importing countries co-
ordinate on energy policy and energy security issues through various international
organizations such as the international energy agency (IEA), OECD and EU, and
cooperate in the development of renewable alternatives. As in all the sectors in the
economy, technical development cannot be precisely predicted; it involves risks and
uncertainties, affecting the behavior of both importers and exporters.
The model developed in this chapter reflects the division of the world into the two

asymmetric types of countries and analyzes the long-run incentives for both oil-
importing and oil-exporting countries. Our main focus is on the impact of uncer-
tainty on the development of a substitute for oil on innovative behavior and resource
extraction. The arrival of the substitute is modeled with a Poisson process. We derive
two possible cases and show that the optimal R&D expenditure on substitute devel-
opment may be completely independent of the oil price and thus of the actions of
oil-exporting countries. We also show the analytics of resource extraction under the
chosen type of uncertainty. We establish that the extraction rate declines over time,
like in the standard theory of exhaustible resource extraction. Finally, a comparison
to extraction without uncertainty is drawn.
The paper is related to different strands of literature. The original model of a mo-

nopolist extraction firm facing a backstop resource is given in Hoel (1978). A series
of earlier papers focuses on optimal timing of when to adopt an alternative, fixed
technology at a given exogenous cost, see e.g. Heal (1976), Dasgupta et al. (1983),
Gallini et al. (1983), Olsen (1993). The seminal paper by Kamien and Schwartz
(1978) endogenizes the uncertain arrival date of the substitute through investment
in R&D. Hung and Quyen (1993) go further to determine the optimal time to ini-
tiate the R&D project. Their R&D investment policy is simplified to a single-date
expenditure, after which a backstop may arrive with a constant Poisson rate. We
adopt a similar assumption in the present paper. As regards the strategic aspects of
the decisions, these papers use various assumptions on the ability to commit and the
timing of moves. In a more recent contribution, Gerlagh and Liski (2011) study a
(deterministic) game in which the importer can trigger a process which ends with the
introduction of the substitute. The delay between the decision to develop the substi-

1 Data are for the year 2008 and taken from the BP Statistical Review of World Energy 2010 and
WDI online data of the World Bank.
2 Data extracted from OECD iLibrary on March 2013.
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tute and the arrival of the technology acts as a commitment device. An incremental
process of backstop development has been considered by Tsur and Zemel (2003),
where the socially optimal case is derived. Because the marginal cost of research
activities is constant, the planner steers the economy to the steady-state process as
quickly as possible. In Tsur and Zemel (2005), R&D activities gradually reduce the
backstop cost. Depending on the initial conditions the paper derives a wide variety
of optimum investment solutions. Van der Ploeg and Withagen (2012) show that,
with monopolistic supply of a polluting resource, an (exogenous) decrease of the
cost of the substitute may lead to a permanent reduction of resource use. Valente
(2011) analyzes a two-phase endogenous growth model in which the optimal timing
of switching to a backstop resource is determined by welfare maximization. The
major contribution on dynamic interactions under uncertainty is Harris and Vickers
(1995) who model a probabilistic R&D process of an oil importer which affects the
extraction path of the exporter. The optimal path then follows a modified Hotelling
rule and may exhibit non-monotonicity due to strategic considerations.
To add to the literature, our model takes up the important issue of uncertainty in re-

search and combines it with other crucial features, specifically with an endogenous
R&D process, increasing marginal costs of R&D, and a gradual introduction of the
backstop technology. Although we do not explicitly analyze strategic behavior of
oil importers and exporters, we provide a clear-cut solution for their respective opti-
mization programs and discuss conditions under which strategic behavior may take
place. Non-monotonicity of the extraction path, as in Harris and Vickers (1995),
may arise in our model even without strategic considerations on behalf of the ex-
porter. The remainder of the chapter is organized as follows. Section 2 presents the
optimization problem and the results for the oil importers. Section 3 derives the
optimum for resource exporters. Section 4 concludes.

2 Oil-Importing Country

Consider a resource-importing country (RIC) which has no resource reserves of its
own. We shall refer to this resource as oil. The country must therefore satisfy the
entire demand by imports from abroad at a price P per unit. It seeks to develop a
perfect substitute for oil, although the discovery of the substitute is uncertain. We
assume that the arrival of the substitute is governed by the Poisson process with the
mean arrival rate λ (K), where K is the initial investment in the R&D project and
λ ′(K) > 0, λ ′′(K) 6 0. By an initial investment we mean a one-time expenditure
which determines the probability of a technological breakthrough. One may think
of this expenditure as of a fixed cost of setting up an R&D facility. A bigger facility
requires a bigger investment but also brings larger returns, in the sense that the
chances of making a discovery are higher.
RIC produces a composite consumption good, with oil and labor as two essential in-

puts, according to a Cobb-Douglas technology Yt = Lα R1−α
t , where L denotes a con-
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stant labor input and Rt stands for oil. When the substitute arrives, a constant quan-
tity B becomes available every period at negligible cost. Then RIC discontinues its
imports of oil and uses only the substitute for final goods production.3 RIC’s objec-
tive is to maximize the present discounted value of lifetime welfare given an infinite
planning horizon and a constant discount rate, δ . Utility is derived from consuming
the composite good and the utility function is such that u′(ct)> 0, u′′(ct)< 0, where
ct denotes the consumption rate at time t. RIC’s optimization problem reads

max
ct ,cb

t ,Rt ,K

∫ ∞

0

{∫ τ

0
u(ct)e−δ tdt +

∫ ∞

τ
u(cb

t )e
−δ tdt

}
fτ dτ −u(K)

subject to4

ct = Y (Rt ,L)−PRt , t ∈ [0,τ], (1)
cb

t = Y (B,L)≡ Ȳ , t > τ, (2)

where fτ = λ (K)e−λ (K)τ is the density of an exponentially distributed random vari-
able.5 RIC’s optimization program therefore includes two phases: the first while the
substitute has not yet arrived and the second after its arrival. Note that once the sub-
stitute is online, RIC’s consumption rate in the second phase, cb

t , becomes constant
and equal to the output, Ȳ . The value of the second-phase program can therefore be
written as ∫ ∞

τ
u(cb

t )e
−δ tdt = u(Ȳ )

e−δτ

δ
.

During the first phase, RIC must optimally choose the size of the R&D project,
K, and the oil imports so as to maximize utility from consumption until the sub-
stitute arrives (if ever). Thus oil will be imported to the point where its marginal
productivity equals its price, ∂Y

∂R = P, which yields the oil demand

R =

[
1−α

P

]1/α
L. (3)

Substituting (3) into (1) and assuming that the resource price is constant, we obtain
a constant optimal consumption rate in Phase 1

3 We implicitly assume that the cost of producing a unit of the substitute is below the price of a
unit of oil.
4 The term u(K) can be viewed as an approximation to the present value of all future costs if they
are incurred at each point in time. It would be, perhaps, more appropriate to subtract investment
expenditure evaluated by the marginal utility of consumption at time zero. This would, however,
make the calculation more complicated. We therefore opted in favor of a simpler specification by
ignoring the secondary effect of the investment expenditure on the marginal utility of consumption,
while taking into account only the direct effect. In Hung and Quyen (1993), for instance, a lump-
sum investment cost incurred at a single date τ is simply discounted to time zero at the rate of time
preference and subtracted from the value function.
5 Since the discovery of the substitute is governed by the Poisson process with arrival rate λ , the
waiting time until the first arrival is an exponentially distributed random variable.
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c = Lα R1−α − (1−α)Lα R−α R = αLα R1−α = αL
[

1−α
P

] 1−α
α

.

This implies that ∫ τ

0
u(ct)e−δ tdt = u(c)

1− e−δτ

δ
.

Proposition 1: The optimal consumption rate of an oil importer is constant during
the phase of substitute development and is a decreasing function of oil price. At the
time of the invention, consumption jumps to a new, higher level and remains at this
level forever.

Rt 
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(a) Oil imports under constant oil price.
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(b) Consumption rate under constant oil price.
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(c) Oil imports under increasing oil price.
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(d) Consumption rate under increasing oil price.

Fig. 1: Optimal consumption rate and oil imports.
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Note that if the oil price were to change over time, say increase, then the optimal
consumption rate of an oil importer would decrease over time at the rate equal to
− 1−α

α times the rate of increase of the oil price. The time paths of oil imports and the
consumption rate are shown in figure 1. In panels 1a and 1b it is assumed that the oil
price is constant. The oil imports are then constant over time until t = τ , when they
drop to zero since the substitute has become available. The consumption rate also
remains constant until t = τ and jumps upward to Ȳ at time τ . In panels 1c and 1d we
assumed an increasing oil price over time. The oil imports are then decreasing at the
rate −P̂/α until t = τ and then drop to zero. The consumption rate also decreases
but at a slower rate − 1−α

α P̂ and jumps upwards at t = τ .

We turn next to the determination of the optimal size of the R&D project. It is such
that

∂
∂K

[∫ ∞

0

{
u(c)

1− e−δτ

δ
+u(Ȳ )

e−δτ

δ

}
λ (K)e−λ (K)τ dτ

]
= u′(K).

Let us assume for simplicity that λ (K) = σK, with σ ∈ (0,1) being the efficiency
of R&D investment. The optimality condition with respect to K becomes

∫ ∞

0

{
u(c)

1− e−δτ

δ
+u(Ȳ )

e−δτ

δ

}
(σ − τσK)e−σKτ dτ = u′(K).

Assuming log utility, i.e., u(c) = lnc, it can be further simplified to yield a quadratic
equation in K

σ
∫ ∞

0

{
u(c)

1− e−δτ

δ
+u(Ȳ )

e−δτ

δ

}
e−σKτ dτ −

−σK
∫ ∞

0

{
u(c)

1− e−δτ

δ
+u(Ȳ )

e−δτ

δ

}
τe−σKτ dτ = 1/K,

σu(c)
∫ ∞

0

e−σKτ − e−(σK+δ )τ

δ
dτ +σu(Ȳ )

∫ ∞

0

e−(σK+δ )τ

δ
dτ −

−σu(c)K
∫ ∞

0
τ

e−σKτ − e−(σK+δ )τ

δ
dτ −σu(Ȳ )K

∫ ∞

0
τ

e−(σK+δ )τ

δ
dτ = 1/K,

σu(c)
δ

[
1

σK
− 1

δ +σK

]
+

σu(Ȳ )
δ

1
δ +σK

− σu(c)K
δ

[
1

(σK)2 − 1
(δ +σK)2

]
−

−σu(Ȳ )K
δ

1
(δ +σK)2 = 1/K.

Multiplying both sides by K and defining K
δ+σK = x, we get a quadratic equation in

x

x2[u(Ȳ )−u(c)]− x[u(Ȳ )−u(c)]+
δσ +u(c)(1−σ)

σ2 = 0.
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Or, setting b ≡ u(Ȳ )−u(c)> 0 and d ≡ δσ+u(c)(1−σ)
σ2 > 0, we have

bx2 −bx+d = 0. (4)

The roots are given by

x1,2 =
b±

√
b2 −4bd
2b

,

Three cases are then possible: (i) a unique root when b2 − 4bd = 0; (ii) two real
positive roots when b2 −4bd > 0; (iii) two complex roots when b2 −4bd < 0. Only
the first two cases have economic sense and we shall therefore ignore the last one.
The condition for real positive roots is b− 4d > 0 or, in terms of the relationship
between the oil price, P, and the quantity of the substitute, B

B > eω P−ν , (5)

where ω ≡ 4[(1−σ) lnαL+δσ ]+[4(1−σ)+σ2] 1−α
α ln(1−α)

σ2(1−α)
> 0 and ν ≡ 4(1−σ)+σ2

ασ2 > 0.
Multiple solutions for the optimal R&D investment expenditure exist. Case(i): A

unique root occurs only if (5) holds with equality. Then we have x = 1/2 and thus
K∗ = δ

2−σ . The optimal R&D investment depends only on the discount rate δ and
the efficiency of the R&D lab, σ . Case(ii): If (5) holds with strict inequality, then

two roots exist and both of them are strictly positive: x1 =
1+
√

1−4d/b
2 > 0 and

x2 =
1−
√

1−4d/b
2 > 0. Then K∗

1 = x1δ
1+σx1

and K∗
2 = x2δ

1+σx2
< K∗

1 .
The second-order condition for the optimum is such that the derivative of (4) with

respect to K, evaluated at the extremum, must be negative. That is,

z ≡ (2xb−b)
dx
dK

∣∣∣
K=K∗

< 0

The unique root x = 1
2 clearly does not satisfy this condition since dx/dK = 0.

Evaluating z at K∗
1 yields

z
∣∣∣
K=K∗

1

= b(2x1 −1)
(1+σx1)

2

δ
.

The sign of this expression hinges on the sign of 2x1 − 1. This is clearly positive
since 2x1 −1 =

√
1−4d/b > 0 and thus K∗

1 does not satisfy the second-order con-
dition. Finally, evaluating z at K∗

2 yields

z
∣∣∣
K=K∗

2

= b(2x2 −1)
(1+σx2)

2

δ
.

Again, the sign depends on 2x2−1, which is negative since 2x2−1=−
√

1−4d/b<
0 and therefore K∗

2 is the only root that satisfies the second-order condition.
Differentiating K∗

2 with respect to P, we find that
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∂K∗
2

∂P
=−2du′(c)L(1−α)1/α P−1/α

b2(1+σx2)2
√

1−4d/b
< 0,

implying that an increase in the price of oil will lead to a smaller investment in
the R&D activity. If an oil exporter has an objective of delaying the technological
breakthrough, it would then restrain its exports thereby pushing the oil price up, so
that RIC optimally chooses a smaller K.
The fact that the optimal investment in R&D decreases in oil price is somewhat

counterintuitive. If the non-renewable resource becomes more and more expensive,
an argument can be made that investment in a renewable substitute should increase,
so that the arrival date of the substitute is shifted to the present. But, on the other
hand, an increase in investment requires a larger sacrifice of current consumption
and, moreover, with a higher resource price the budget constraint of the economy
becomes tighter (since resource imports are now more expensive). Therefore, the
sacrifice of current consumption is more difficult to implement. Overall, there are
two conflicting forces at work. On the one hand, the urge to develop a backstop call-
ing for a higher investment rate and, on the other hand, a tighter budget constraint
calling for a lower investment rate. Under specific conditions one or the other effect
dominates. In particular, the elasticity of intertemporal consumption substitution
(EICS) plays a crucial role as it determines how willing the economy is to shift its
consumption intertemporally. When EICS is relatively low, the economy cares rela-
tively more about the time profile of consumption as opposed to the total discounted
consumption. This is the case in our setting since we have assumed a logarithmic
utility function, so that EICS equals unity.6

3 Oil-Exporting Country

The resource-exporting country (REC for short) believes that a substitute arrives
at the constant Poisson rate λ , which it takes to be exogenous. It also knows that
once the substitute is developed, the demand for oil drops to zero. Thus, REC’s
time horizon may be split in two phases: One where the substitute has not yet been
invented, and the other where the substitute is online and oil exports are zero. REC’s
objective is to maximize its lifetime welfare with respect to consumption in phase 1,
c∗t , consumption in phase 2, c∗b

t , the extraction rate in both phases, R∗
t , and R∗b

t and
the exports of oil in phase 1, Rt . The objective function can be written as7

6 More details about the relationship between oil price and investment in renewables R&D are
provided in Vinogradova (2012). It is shown, in particular, that in the empirically relevant range of
EICS the optimal response of the investment rate to an increase in oil price is negative, even when
the economy can borrow in the international capital market at a constant interest rate.
7 An alternative way of solving REC’s optimization problem is to use the method presented in
Boukas et al. (1990).
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max
c∗t ,c

∗b
t ,R∗

t ,R
∗b
t ,Rt

∫ ∞

0

{∫ τ

0
u(c∗t )e

−δ tdt +
∫ ∞

τ
u(c∗b

t )e−δ tdt
}

fτ dτ

subject to

c∗t = Y (R∗
t −Rt ,L∗)+P(Rt)Rt , t ∈ [0,τ], (6)

c∗b
t = Y (R∗b

t ,L∗), t > τ, (7)
Ṡt =−R∗

t , if substitute is not online, S0 given, (8)
Ṡt =−R∗b

t , if substitute is online, (9)
Pt = (1−α)Lα R−α

t , t ∈ [0,τ], (10)

where St denotes the oil stock at time t and Ṡt ≡ dSt/dt. Eq. (6) states that consump-
tion in phase 1 is equal to total output plus the proceeds from oil sales. The output
in phase 1 is produced with constant labor, L∗, and a quantity of oil, which is equal
to total extraction, R∗

t , minus exports, Rt . Eq. (7) states that there are no oil exports
in phase 2 and thus consumption is just equal to total output. Note that REC takes
into account the demand for oil from RIC, eq. (10). The solution to this program
is found by splitting it into two subprograms, namely the one pertaining to phase 1
and the other pertaining to phase 2. The subprogram of phase 2 is standard since it
does not involve any uncertainty: once the substitute has arrived, the demand for oil
from RIC drops to zero, so that the oil extracted in a given period is used entirely
domestically.

Phase 2
REC’s optimization program in the second phase reads

max
c∗b

t ,R∗b
t

∫ ∞

τ
u(c∗b

t )e−δ tdt

subject to (7), (9) and the initial resource stock Sτ . We shall assume that RIC and
REC share the same production technology and differ only with respect to their labor
endowment and there is no population growth, so that Y (R∗b

t ,L∗) = L∗α R∗b1−α
t . The

current-value Hamiltonian may be written as

H = u(c∗b
t )+ν[Y (R∗b

t ,L∗)− c∗b
t ]−µR∗b

t

and the first-order conditions

c∗b
t : u′(c∗b

t )−ν = 0,
R∗b

t : ν(∂Y/∂R∗b
t )−µ = 0,

S : 0 = δ µ − µ̇ .

Combining these three conditions and recalling our assumption of logarithmic utility
function, we get δ = −ĉ∗b

t −αR̂∗b
t . By (7), ĉ∗b

t = (1−α)R̂∗b
t and thus R̂∗b

t = −δ ,
implying that R∗b

t = R∗b
τ e−δ (t−τ). Inserting this extraction path in (9) and integrating
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yields R∗b
τ = δSτ . The optimal consumption path is then equal to

c∗b
t = L∗α(δSτ)

1−α e−δ (1−α)(t−τ)

with the initial consumption rate in Phase 2 being c∗τ = L∗α(δSτ)
1−α .

Phase 1
We now turn to phase 1 and write the Hamilton-Jacobi-Bellman equation for REC’s

optimization under uncertainty

max
R∗

t ,Rt

{
u
(

Y (R∗
t −Rt ,L∗)+P(Rt)Rt

)
−R∗

t
∂Vt

∂St

}
+λ (V b

t −Vt)−δVt = 0,

where we inserted (6) directly in the utility function, Vt is the value function in
phase 1 (while the substitute has not yet arrived) and V b

t is the value function in
phase 2 (after the substitute has arrived). The first-order conditions are given by

R∗
t : u′(c∗t )

∂Y
∂ (R∗

t −Rt)
− ∂Vt

∂St
= 0, (11)

Rt : u′(c∗t )
[
− ∂Y

∂ (R∗
t −Rt)

+Rt
∂P(Rt)

∂Rt
+P(Rt)

]
= 0, (12)

S : −R∗
t

∂ 2Vt

∂S2
t
+λ

(
∂V b

t

∂St
− ∂Vt

∂St

)
−δ

∂Vt

∂St
= 0. (13)

Eq. (12) determines the optimal split of per period oil production between exports
and domestic use. It equates the marginal revenue from oil sales to the marginal
productivity of oil

Rt
∂P(Rt)

∂Rt
+P(Rt) =

∂Y
∂ (R∗

t −Rt)
.

By (10), we obtain

(1−α)2Lα R−α = (1−α)L∗α(R∗−R)−α

and thus oil exports represent a constant fraction of per period oil extraction

R = R∗
(

1+(1−α)−1/α L∗

L

)−1

= R∗(1− γ), (14)

where we defined 1− γ ≡
(

1+(1−α)−1/α L∗
L

)−1
, so that γ ≡ (1−α)−1/α L∗

L(
1+(1−α)−1/α L∗

L

) is

the fraction of per period extraction used domestically. Note that the share of oil
exports is a positive function of the importer’s market size, L.
Eqs. (11) and (13) can be used to obtain the Keynes-Ramsey rule under uncertainty.

First divide eq. (13) throughout by ∂Vt
∂St

to get
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−R∗
t

∂ 2Vt/∂S2
t

∂Vt/∂St
+λ

(
∂V b

t /∂St

∂Vt/∂St
−1
)
−δ = 0. (15)

From (11), the numerator of the first term in (15) can be calculated as

−R∗
t

∂ 2Vt

∂S2
t
=

d
{

u′(c∗t )
∂Y

∂ (R∗
t −Rt )

}
dt

= u′′(c∗t )ċ
∗
t

∂Y
∂ (R∗

t −Rt)
+u′(c∗t )

d
dt

[
∂Y

∂ (R∗
t −Rt)

]
=

= u′′(c∗t )ċ
∗
t (1−α)L∗α(R∗−R)−α −αu′(c∗t )(1−α)L∗α(R∗−R)−α−1(Ṙ∗− Ṙ) =

= (1−α)L∗α(γR∗)−α u′(c∗t )
{

u′′(c∗t )ċ
∗
t

u′(c∗t )
−αR̂∗

}
,

where we made use of (14). This expression can be further simplified by noting that
with logarithmic utility we have

−u′′(c∗t )ċ
∗
t

u′(c∗t )
= ĉ∗t

From the budget constraint (6)

c∗t =L∗α(γR∗)1−α +(1−α)Lα((1−γ)R∗)1−α =R∗1−α [L∗α γ1−α +(1−α)Lα(1− γ)1−α] ,
which implies that ĉ∗t = (1−α)R̂∗. Then

−R∗
t

∂ 2Vt

∂S2
t
=(1−α)L∗α(γR∗)−α u′(c∗t )

{
−(1−α)R̂∗−αR̂∗}=−(1−α)L∗α(γR∗)−α u′(c∗t )R̂

∗.

Inserting this in (15) yields

− (1−α)L∗α(γR∗)−α u′(c∗)R̂∗

u′(c∗)(1−α)L∗α(γR∗)−α +λ
(

u′(c∗b)(1−α)L∗α R∗b−α

u′(c∗)(1−α)L∗α(γR∗)−α −1
)
−δ = 0

−R̂∗+λ
(

(c∗b)−1R∗b−α

(c∗)−1(γR∗)−α −1
)
−δ = 0

−R̂∗+λ

(
R∗1−α [L∗α γ1−α +(1−α)Lα(1− γ)1−α](γR∗)α

L∗α(δSτ)1−α(δSτ)α −1

)
−δ = 0

−R̂∗+λ
(

R∗
[

γ1−α +(1−α)(1− γ)1−α
(

L
L∗

)α]
γα(δSτ)

−1 −1
)
−δ = 0,

R̂∗ = λR∗(δSτ)
−1 − (λ +δ ),

where
[
γ1−α +(1−α)(1− γ)1−α ( L

L∗
)α
]

γα = 1, given the definition of γ . The so-
lution to this non-linear differential equation is given by

R∗
t =

(λ +δ )δSτ e−(λ+δ )t

λe−(λ+δ )t +C1(λ +δ )δSτ
,
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where C1 is a constant of integration. Evaluating the expression at t = 0, we get
C1 =

(λ+δ )δSτ−λR∗
0

(λ+δ )δSτ R∗
0

. The complete solution is then

R∗
t =

R∗
0(λ +δ )δSτ

λR∗
0 +[(λ +δ )δSτ −λR∗

0]e
(λ+δ )t . (16)

This solution is then used in equation (6) describing the evolution of the resource
stock to solve for the initial extraction rate in Phase 1, R∗

0, and the remaining resource
stock at the time of the switch, Sτ

S0 =
∫ ∞

0
R∗

t dt =
∫ ∞

0

R∗
0(λ +δ )δSτ

λR∗
0 +[(λ +δ )δSτ −λR∗

0]e
(λ+δ )t dt =

=
δSτ
λ

{
(λ +δ )t − ln

[
[(λ +δ )δSτ −λR∗

0]e
(λ+δ )t +λR∗

0

]}∣∣∣∣∞
0
=

=
δSτ
λ

ln
{

(λ +δ )δSτ
(λ +δ )δSτ −λR∗

0

}
. (17)

Sτ = S0 −
∫ τ

0
R∗

t dt = S0 −
∫ τ

0

R∗
0(λ +δ )δSτ

λR∗
0 +[(λ +δ )δSτ −λR∗

0]e
(λ+δ )t dt =

= S0 −
δSτ
λ

{
(λ +δ )t − ln

[
[(λ +δ )δSτ −λR∗

0]e
(λ+δ )t +λR∗

0

]}∣∣∣∣τ
0
=

= S0 −
δSτ
λ

{
(λ +δ )τ + ln

[
(λ +δ )δSτ

[(λ +δ )δSτ −λR∗
0]e

(λ+δ )τ +λR∗
0

]}
. (18)

Combining eqs. (17) and (18), and after some rearrangements, we finally obtain the
solution for the initial extraction rate in terms of the exogenous parameters of the
model

R∗
0 =

(λ +δ )S0[1− e−(λ+δ )τ(eλ/δ −1)−1]

(λ +δ )τ + ln(eλ/δ −1)
(19)

and the remaining resource stock at time τ

Sτ =
λS0

δ [(λ +δ )τ + ln(eλ/δ −1)]
(20)

It can then be clearly established that the extraction rate declines over time with the
rate of decline being
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R̂∗
t = λR∗

t (δSτ)
−1 − (λ +δ ) =

λR∗
0(λ +δ )

[(λ +δ )δSτ −λR∗
0]e

(λ+δ )t +λR∗
0
− (λ +δ ) =

=
λ +δ[

(λ+δ )δSτ
λR∗

0
−1
]

e(λ+δ )t +1
− (λ +δ ) =

= (λ +δ )

 1

1+ e(λ+δ )t
[

eλ/δ−1
eλ/δ−1−e−(λ+δ )τ −1

] −1

=

=− (λ +δ )e(λ+δ )(t−τ)

eλ/δ −1+ e−(λ+δ )τ(e(λ+δ )t −1)
< 0. (21)

Consequently the optimal consumption growth rate is also negative

ĉ∗ = (1−α)R̂∗ =− (1−α)(λ +δ )e(λ+δ )(t−τ)

eλ/δ −1+ e−(λ+δ )τ(e(λ+δ )t −1)
< 0.

Proposition 2: At the time of technological breakthrough, extraction rate may jump
either up or down, depending primarily on the relationship between the arrival rate,
λ , and the time preference rate, δ .

This can be seen by comparing the extraction rate the moment just before the in-
vention, R∗

τ , with the extraction rate just after the invention, R∗b
τ

R∗
τ ≷ R∗b

τ

(λ +δ )S0(eλ/δ − e−(λ+δ )τ −1)
[(λ +δ )τ + ln(eλ/δ −1)](eλ/δ − e−(λ+δ )τ)

≷ δλS0

δ [(λ +δ )τ + ln(eλ/δ −1)]

(λ +δ )(eλ/δ − e−(λ+δ )τ −1)
eλ/δ − e−(λ+δ )τ ≷ λ

(λ +δ )(eλ/δ − e−(λ+δ )τ −1) ≷ λ (eλ/δ − e−(λ+δ )τ)

δ (eλ/δ − e−(λ+δ )τ −1)−λ ≷ 0

eλ/δ − e−(λ+δ )τ −1 ≷ λ
δ
. (22)

If the chances of the technological breakthrough are slim, say λ → 0, then the ex-
pression on the left-hand side is negative, equal to e−δτ −1, while on the right-hand
side we have zero. Then R∗

τ < R∗b
τ and the extraction rate jumps upwards at the time

of the invention. The intuition behind the optimal upward jump is the following.
When REC believes that the chances of a substitute discovery are low, it optimally
spreads the exports over a longer time horizon, and thus "underextracts" at each
point in time. When the substitute suddenly arrives, REC finds itself with a resource
stock higher than what is optimal and therefore instantaneously adjusts the extrac-
tion rate upwards. This is shown in figure 2a.
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(a) Oil extraction path with low λ .
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(b) Evolution of oil stock with low λ .
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(c) Oil extraction path with high λ .
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(d) Evolution of oil stock with high λ .

Fig. 2: Oil stock and extraction paths.

Proposition 3: The extraction rate in phase 1 may fall faster or slower than in
phase 2, depending on the relationship between the arrival rate, λ , and the time
preference rate, δ .

Recall that R̂∗b
t =−δ while R̂∗

t is given by (21) and compare their absolute values

|R̂∗
t | ≷ δ

(λ +δ )e(λ+δ )(t−τ)

eλ/δ −1+ e−(λ+δ )τ(e(λ+δ )t −1)
≷ δ(

1+
λ
δ

)
e(λ+δ )(t−τ) ≷ eλ/δ −1+ e−(λ+δ )τ(e(λ+δ )t −1)

λ
δ

e(λ+δ )(t−τ) ≷ eλ/δ −1− e−(λ+δ )τ . (23)
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The expression on the RHS of (23) is identical to the expression on the LHS of (22).
It follows that if eλ/δ − e−(λ+δ )τ − 1 > λ

δ in (22), then λ
δ e(λ+δ )(t−τ) < eλ/δ − 1−

e−(λ+δ )τ in (23) because it is relevant only for t < τ , i.e., phase 1. The extraction
path then must be as depicted in figure 2a. That is, during phase 1 it declines at
the rate |R̂∗

t | < δ , at time τ it jumps upwards (a possibility of no jumps at all also
exists if (22) is satisfied with strict equality), and afterwards it declines at the rate δ
until the end of the planning horizon. It is also easy to show that R∗b

τ < R∗
0, i.e., the

extraction rate cannot jump above the initial rate in phase 1.
If we now turn to the possibility that the chances of a breakthrough are relatively

high, say λ → δ and τ → 1/λ , then the expression on the LHS of (22) is greater
than on the RHS, implying that a downward jump may occur: R∗

τ > R∗b
τ . In this case

it is also likely that the absolute value of the rate of decline in the extraction rate is
above δ (or, algebraically, the growth rate is smaller than −δ ), such as depicted in
figure 2c. The evolution of the oil stock over time in the case of low and high λ is
shown in figures 2b and 2d, respectively. If |R̂∗

t | < δ (|R̂∗
t | > δ ), oil stock declines

at a slower (faster) rate in phase 1 than it does in phase 2. If there is a jump in the
extraction rate at the time of invention, the time path of the oil stock has a kink at
t = τ . In figure 2b, the slope of the schedule to the left of τ is smaller than the slope
to the right of τ . In figure 2d the opposite is true.
We examine next the following question: How does the optimal behavior of an oil

exporter facing uncertainty compare to his optimal behavior in the case of certainty,
i.e., when the date of substitute arrival is known with certainty. Let us assume that
the substitute arrives on date τ . Then REC’s optimization problem reads

max
c∗t ,c

∗b
t ,R∗

t

∫ τ

0
u(c∗t )e

−δ tdt +
∫ ∞

τ
u(c∗b

t )e−δ tdt

subject to

c∗t = Y (R∗
t −Rt ,L∗)+P(Rt)Rt , t ∈ [0,τ], (24)

c∗b
t = Y (R∗b

t ,L∗), t > τ, (25)
Ṡt =−R∗

t , S0 given, (26)
Pt = (1−α)Lα R−α

t , t ∈ [0,τ]. (27)

This problem is solved using the standard dynamic optimization technique. The
optimal consumption and extraction paths in phase 2 are described by exactly the
same equations as in the case of uncertainty, namely R̂∗

t =−δ , ĉ∗b
t =−(1−α)δ for

t > τ . The optimal paths in the first phase are, however, different from those under
uncertainty. We write the current-value Hamiltonian

H = u
(
Y (R∗

t −Rt ,L∗)+P(Rt)Rt
)
−µtR∗

t

and the first-order conditions
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R∗
t : u′(c∗t )

∂Y
∂ (R∗

t −Rt)
−µt = 0, (28)

Rt : u′(c∗t )
[
− ∂Y

∂ (R∗
t −Rt)

+Rt
∂P(Rt)

∂Rt
+P(Rt)

]
= 0, (29)

S : δ µt − µ̇t = 0. (30)

Note that condition (29) is identical to (12), implying that the optimal split between
oil exports and domestic use is the same as under uncertainty, Rt = (1 − γ)R∗

t .
Using this in the budget constraint (24) and applying the hat calculus, yields
ĉ∗t = (1−α)R∗

t . Then, noting that with log utility du′(c∗t )/dt
u′(c∗t )

= −ĉ∗t and combin-

ing (28) with (30), we finally obtain −R̂∗
t = δ . The extraction path is then

R∗
t = R∗

0e−δ t . (31)

Contrary to the case of uncertainty, the extraction rate under certainty declines over
time at the rate δ before and after the invention of the substitute. Recall eq. (16) and
set λ = 0, then we obtain precisely eq. (31). Does the presence of uncertainty imply
a faster or slower resource depletion? In other words, how does the path in (16)
compare to the path in (31)? We already have the answer to this question in eq. (23).
Depending on how likely it is that the substitute is going to be invented, extraction
path under uncertainty may happen to be steeper or flatter than in the certainty case.
If REC believes that the chances are slim, he will choose a relatively conservationist
path, i.e, slower extraction. If it believes that the chances are fairly high, it will
choose a relatively fast extraction profile.
If we depart from our assumption of costless extraction and assume instead that oil

extraction costs are larger than the backstop price, REC may also want to switch
from oil to the backstop. Whether it will do so or not will depend on the structure of
the market for the substitute. If the backstop is specific to RIC’s geographic location,
then there is no scope for sharing it with REC. If, however, the backstop can be
easily spread, then it is most likely that RIC will patent the invention. Then, being
the monopolist on the substitute market, RIC will try to extract all the rents from
the buyer. It will therefore set the price just slightly below the oil extraction cost in
order to induce REC to shift from oil to the renewable energy source. Presumably,
some of the oil stock will remain unextracted. But then REC’s optimization in the
first phase must take into account the fact that it may not be optimal to leave oil
stock unexploited. One the one hand, leaving some oil in the ground means losing
the revenue. On the other hand, extracting everything by the time the substitute
arrives means selling more at each point in time and therefore exerting a downward
pressure on the price. Whether it is optimal to leave some of the oil stock unexploited
or increase current exports depends, of course, on the elasticity of demand for oil.
Given the demand function of RIC, this elasticity is simply equal to −α , smaller
than unity in absolute value. Thus, an increase in supply has a positive effect on
total revenue and it is then optimal to increase current exports and aim at extracting
everything by the time the backstop arrives.
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4 Conclusion

This chapter provides an analysis of the optimal behavior of an oil importer and
an oil exporter under uncertainty. We assume that the importer engages in an R&D
activity aimed at developing a renewable perfect substitute for the non-renewable
fossil resource. The invention is intrinsically uncertain and governed by the Pois-
son process with the arrival rate being an increasing function of the expenditure
devoted to R&D. We cast the importer’s and the exporter’s problem in the form of
the dynamic stochastic optimization in continuous time.
With regard to the oil importer, we show that the invention of the substitute entails a

discontinuous upward jump in the consumption rate to a higher level (determined by
the quantity of the substitute). The optimal investment expenditure in R&D features
multiple solutions, depending on the parameters of the model. It is feasible that
the optimal investment is uniquely determined and depends only on the country’s
rate of time preference and the efficiency of the R&D activity but is completely
independent of other parameters, such as, for example, oil price. In this case, there is
no scope for the oil exporting country to affect the importer’s investment decision. It
is also feasible that, under certain conditions, the optimal investment is not uniquely
determined, i.e., the solution involves two roots. They do depend on the price of oil,
the quantity of the substitute and the structure of the production technology. In this
case the oil exporter may reduce the chances of the technological breakthrough by
reducing its exports and thus forcing the importer to cut the R&D expenditure.
With regard to the oil extraction, we show that after the arrival of the substitute

the total per period extraction falls over time at the rate of time preference. How-
ever, before the substitute is available, the extraction declines over time at the rate
which may be either smaller or greater than the time preference rate, depending on
whether the chances of the technological breakthrough are relatively small or large,
respectively. One cannot therefore unambiguously conclude that uncertainty about
an eventual discovery of an oil substitute contributes to a faster or slower resource
depletion.
In our present model we refrained from introducing an accumulative factor of pro-

duction, such as physical capital, in order to keep the analysis tractable. However, a
possibility of investing into capital accumulation and building a stock of a produc-
tive factor which can to some extent substitute for other inputs, opens up a wider
range of options for both the oil importer and the exporter. For example, the im-
porter will face a tradeoff between investing into physical capital or investing into
R&D, the outcome of which will depend on the interplay between the productivity
of capital and efficiency of the research lab. The oil exporter will have to optimally
choose how much of revenue from oil sales to consume and how much to invest in
capital accumulation. We leave these questions on the agenda for future research.
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Appendix

Let us now consider a more general case of CRRA utility, u(c) = c1−θ−1
1−θ , the limit

of which is ln(c) when θ goes to unity. Parameter θ is the inverse of the elastic-
ity of intertemporal consumption substitution. The new specification for the utility
function will affect the derivation of the Keynes-Ramsey rule. Combining eqs. (11)
and (13), we now obtain:

− (1−α)L∗α(γR∗)−α u′(c∗)R̂∗[α +θ(1−α)]

u′(c∗)(1−α)L∗α(γR∗)−α +λ
(

u′(c∗b)(1−α)L∗α R∗b−α

u′(c∗)(1−α)L∗α(γR∗)−α −1
)
−δ = 0,

−R̂∗[α +θ(1−α)]+λ

{
γα
(

c∗

c∗b

)θ ( R∗

R∗b

)α
−1

}
−δ = 0,

−R̂∗[α +θ(1−α)]+

+λ

γα

(
R∗1−α [L∗α γ1−α +(1−α)Lα(1− γ)1−α]

L∗α R∗b1−α

)θ (
R∗

R∗b

)α
−1

−δ = 0,

−R̂∗[α +θ(1−α)]+

+λ

{
γα
[

γ1−α +(1−α)

(
L
L∗

)α
(1− γ)1−α

]θ ( R∗

δSτ

)α+θ(1−α)

−1

}
−δ = 0,

R̂∗[α +θ(1−α)] = λγα
[

γ1−α +(1−α)

(
L
L∗

)α
(1− γ)1−α

]θ ( R∗

δSτ

)α+θ(1−α)

− (λ +δ ),

R̂∗η = R∗η ε − (λ +δ ),

where η ≡α+θ(1−α) and ε ≡ λγα
[
γ1−α +(1−α)

( L
L∗
)α

(1− γ)1−α
]θ

(δSτ)
−η =

λγα(1−θ) (δSτ)
−η . The solution to this differential equation is given by:

R∗
t =

(
εe−(δ+λ )t +C1(λ +δ )

λ +δ

)−1/η

e−
λ+δ

η t ,

where C1 is a constant of integration which can be found by evaluating the above
expression at t = 0: C1 = R∗−η

0 − ε
λ+δ . The complete solution for the extraction path

is then:

R∗
t =

(
R∗−η

0 e(λ+δ )t − ε(e(λ+δ )t −1)
λ +δ

)−1/η

.

We can check that when θ = 1, as in our baseline case, then η = 1 and we are back
to our solution in (16).
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